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In the works of Joukowski [1], Sludsky [2], Hough [3] and Poincaré [4]
it was shown that the motion of a solid with an ellipsoidal cavity com-
pletely filled with ideal liquid can be described by ordinary differ-
ential equations. The same fact of reducibility of the equations of
motion to ordinary differential equations (for an ellipsoidal cavity)
has been proved in (5].

In the article by Rumiantsev [6] the sufficient conditions of sta-
bility have been obtained.

In the present article the reducibility of the equations of motion is
used for the investigation of the stability of motion of a solid having
a cavity in the form of a triaxial ellipsoid, completely filled with
ideal liquid, which is in the state of uniform vortex motion. Let us note
that Chetaev [7] has given the solution of a similar problem in the case
of the irrotational motion of the liquid.

Let Oxlylz1 be a fixed coordinate system with the origin at a fixed
point O in the solid, zy being directed vertically upwards, and let Oxy:z
be a moving coordinate system whose axes coincide with the principal axes
of inertia of the solid at the point O; the equation of the surface of
the cavity filled with liquid in the xy: system is

(z — zo)® zo)2

2+b2+ =1 (1)

The motion of the liquid which occupies the cavity (I), can be de-
scribed [2,3] by the formulas
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] d 3
vx=5:%+co:z—way, vy=7cyg+<osx—mlz, v,=£—+w1y—mzr 2)

where Ver Voo YV, designate, respectively, the projections of the absolute
velocity vector v of the liquid on the moving coordinate axes; ¢(x, y,

z, t) is a harmonic function of the coordinates; @), Wy, Wy are functions
of time t only. The function ¢ can be written in the explicit form [6].
Let us designate the projections of the vector w of the instantaneous
angular velocity of the solid on the x, y, z axes by p, q, r, and the
direction cosines of the fixed axis z, with respect to the moving axes,
by vi. Y2 Y3-

The motion of the system shell-liquid can be described [6] by the
following three groups of equations, in which the first group corresponds
to the theorem of the moment of momentum, the second to the Helmholtz

equation of vortex motion and the third to Poisson’s equation for the
direction cosines

d dw
A + 4.5 4 (€ — B) gr + Caguy — Buray = Ry

d do
B d—f + By = + (A — C) rp -+ Ayro, — Copws = — Ry (R = Mgz°)
dr do.
C,§+Ca'd—:-l—(B—A)pq-!—szmz—Azqwx———0 (3

don _, 2(_.__"_“3?; 99 a?(c* — b?) dn
dt — <° a2+b2—cz+aa)—20)zws (@8 (a®fF c2)’ a =TT —9Ts
dﬂ_Zba( P®s o 9 b? (a® — &%) dYa
at Rrea a2+b2)_ @smlm’ = Pls— T
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Here, M is the total mass of the solid and liquid, z° is the coordi-
nate of the centroid of the system. The sums of the moments of inertia
of the solid 4,, Bl, C, and of the equivalent solid in Joukowski’s sense

[1] A, B,", C;’, with respect to the moving axes, are designated by
A, B, C .
(4)

A=A+ A, B =B+ B, C=C+C|
, ma(b®—c?p , mg (c®— a?)? . mgy (a% — b2)?
A= g e tmad, Bi=7F ara tmad Ci=%F ar@

my = 4 /| 3 npabe

The differences between the corresponding moments of inertia of the

liquid and of the equivalent solid are designated by A2, B,, 02

A 4_711_3 b33 B 4mgy  a3c? 4mg  a2b?
2= g B 2=‘3‘a2+ca: C’=—5a3+b2 (5)
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The complete system of equations (3) allows a particular solution
PzO, (I:O‘ r=; m1:0; (1)2=0, W3 = W; TI=Ov TZ:Or 73:1

Let us investigate the stability of motion with respect to the vari-
ables p, q, r, ©, 9y, Wy, Y;, Ygq., Y3- We obtain the equations of the per-
turbed motion by setting

f‘:(.l)+§, w3 = @ - N, TS=1~+‘;

in the perturbed motion and retaining previous designations for the other
variables. We will not write down the variational equations, since obtain-
ing them is elementary. The last of the variational equations in each
group, obtained respectively from the systems (3), have the obvious solu-
tions

£ = const, 1 = const, { = const

We will look for the solution of the remaining six variational equa-
tions in the form e‘xt. The characteristic equation will be cubic with
respect to 11 = ?\2/02

A,"AB—?sz[AB(l 4 B¥) + (€ + Cs— B — vBy) (C + Cp— A — pAy) -+
R R
BB (v— 1) v+ A (3 — 1) B s (A B) | — Mo [ 5 09 (4 4 B) +
R R
R =D At v — 1) Bt Mp (1 — )+ BuBY (1 — %) — ABpv —
R R
—(G+a+pm—c—G)(G+ B4 vB—C—Ca)—

—pvo)°(0}—;+A+Az—C—Cg)(o% -{—B-}—Bz——Can)xO (6)

2q2 2%
(l‘:a2+czy V= b“‘—{—c’)

For stability it is necessary that all A be real, i.e. that all A; be
non-negative. The conditions of Al being non-negative provide the neces-
sary conditions of stability. The latter become rather cumbersome, so
without writing them down, let us point out a condition of instability
which follows directly from the form of the constant term. If

_'}_?.{-‘{A-A—}*/iz*c-—ch ..2——%—8—*—32—'0“03
® ®

have different signs, then there must exist at least one root Al < 0 and
consequently the motion is unstable. It has been proved in the article
[6] that the conditions

R K —Cc—cC.
?+A+A2~“C—Cz<0» g T B+ B C—Ce O
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are the sufficient conditions of stability. In the case
%+A+AZ—C~02>O, .015_2+B+32—C—C,>0 @

both stable and unstable motions are possible, depending on the actual
magnitudes of these expressions. The investigation of the roots under
the conditions (7) is difficult in a general case, but in each specific
instance, when all the quantities except w are given, one can look for
the values of w which will insure stability, turning directly to the
characteristic equation (6).

In the case when Al = Bl' a = b, i.e. in the case of a symmetrical
top with a cavity in the form of an ellipsoid of rotation, which has been
considered in [5,8], the investigation can be somewhat simplified. If we
introduce the variables

P=P+lqr Q = 01 + iw,, F‘:T[—{'—l'rg

the variational equations take the following form:

AL —i0(C+ Cim A— AP —iody (1 —p) Q — iRT

‘%%:imp(P—Q), %:i?—iwl‘

We look for the solution in the form eiAt

ing characteristic equation:

. Thus we obtain the follow-

AP+ M2 [A @2 + 1)+ Agp — C — Co] + x[wi +A(1,+2P)+2A2P'—(C+Ca)(1+}’«)] +

—Hl[%-*—A-{-Az-—C—CZ]:() (h=_2").>

This equation coincides with the one obtained in [5].

The stability condition is the condition of roots being real. It co-
incides with the condition obtained in [5,8].

The author wishes to thank V.V. Rumiantsev for his attention to this
paper.
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